The analytical and numerical methods for estimating power and efficiency of a multi-wing cascade configuration of an elastically supported flapping wing power generator are presented. The analytical method is based on the 2D linear potential aerodynamic theory and the numerical method is based on 2D Navier-Stokes equations. Both methods are applied to the two-and three-wing configurations of a hydroelectric power generator oscillating in in-phase and anti-phase modes of oscillation, and the effects of the oscillation mode and wing distance on the power and efficiency of the system are clarified. The power increment expected by introducing the ten-wing configuration is estimated to be approximately 25-33% for the anti-phase mode of oscillation with the adjacent wing distance of 2.0-2.5 chord lengths compared with the simple sum of power generated by a single wing.
Nomenclature
A p : axis of pitch a p : dimension-less axis of pitch (A p =b) b: semichord c: chord e: dimension-less total energy g: damping coefficient H: heaving displacement h: dimension-less heaving displacement (H=b) H w : wing distance h w : dimension-less wing distance (H w =b) i: ffiffiffiffiffiffi ffi À1 p J: transformation Jacobian k: reduced frequency (k ¼ b!=U) L: lift per unit span M: Mach number M a : pitching moment per unit span M h : mass (per unit span) relating to heaving oscillation M w : wing mass per unit span N: total number of wings P: power per unit span P t : power generated by full span wing P t;1 : power generated by heaving oscillation P t;2 : power generated by pitching oscillation R b : Reynolds number based on semichord T: time T Ã : period t: dimension-less time (t ¼ TðU=bÞ) U: free-stream velocity u, v: dimension-less velocity components in Cartesian coordinates w: dimension-less up-wash X cg : center of mass of wing x, y: dimension-less Cartesian coordinates : pitch angle ": mass ratio defined by M h =ð%& 1 b 2 Þ &: dimension-less density, non-dimensionalized by freestream density & 1 : free-stream density $, : dimension-less coordinates, non-dimensionalized by semichord p : power generation efficiency !: circular frequency of forced pitching oscillation ! h : natural circular frequency of the system in heaving mode : dimension-less vorticity ( ¼ ð@v=@x À @u=@yÞ=2) Subscripts o: amplitude Superscripts
: complex amplitude
Introduction
Flutter is known as a destructive aeroelastic phenomenon, observed, for example, in aircraft and suspension bridges. However, the present study is concerned with a power generation system that extracts wind energy from the flutter phenomenon by actively utilizing it. Several works on the flutter power generation system have been published so far. McKinney and DeLaurier 1) proposed ''Wingmill,'' a system that utilizes a harmonically oscillating wing to Ó 2012 The Japan Society for Aeronautical and Space Sciences extract wind energy. A rectangular wing is oscillated by wind in coupled pitching and heaving motions with a prescribed phasing between the two motions. The concept of McKinney and DeLaurier's ''Wingmill'' has no elastic support, and the heaving and pitching motions are mechanically coupled through a Scotch-yoke mechanism. They conducted a wind tunnel experiment with a working model and obtained power generation efficiency comparable to that of a rotary windmill. Jones et al. 2) have also presented the results of their design study of a system similar to ''Wingmill.'' They used a panel code as the aerodynamic tool, predicting higher efficiency than that obtained by McKinney and DeLaurier. Platzer et al. 3) examined the effects of the non-sinusoidal oscillation mode of the wing and the tandem wing configurations on the power and efficiency. Isogai et al. 4, 5) proposed a new concept of an elastically supported flapping wing power generator. The wing is supported elastically for heaving oscillation mode while the pitching oscillation is mechanically driven by the electric motor. The heaving oscillation of the wing is excited by the lift induced by the forced pitching oscillation. They applied an optimization technique to determine the optimum values of the system parameters that give the highest power generation efficiency. (They showed that the power loss consumed by the forced pitching oscillation is less than 1% of the total power generated.) Shimizu et al. 6) conducted a multi-objective design study of Isogai's elastically supported flapping wing power generator using adaptive neighboring search (ANS) an evolutionary algorithm technique. They showed the trade-off relationship between efficiency and power. Kimu et al. 7) investigated the possibility of applying the concept of Isogai's flapping wing power generator to a system with rectangular wing sections, showing that the concept can also be applied to non-streamlined airfoil sections. Abiru and Yoshitake 8) applied Isogai's concept to a generator that works in water. They conducted an experimental study using a specially designed water channel model, providing high efficiency of 32% (the rate to the Betz coefficient). 9) Kinsey and Dumas 10) conducted a theoretical study on the power generation characteristics of a two degrees-of-freedom flapping wing power generator using a Navier-Stokes code (FLUENT), predicting a power coefficient as high as 36.4% for the pitch amplitude of 76.3 deg. Recently, Abiru 11) has extended a previous experimental study of a single-wing configuration to a two-wing configuration. The concept of Abiru can be explained as follows: when the two wings are arranged vertically as shown in Fig. 1 , there must be aerodynamic interaction between them, which might be either favorable or unfavorable. If the oscillation mode of each wing is in-phase with each other, the power generated will be reduced compared with a single wing since the absolute value of the pressure on the upper/lower surface of each wing is reduced to the unfavorable side due to the effects from the adjacent wing. On the other hand, if the oscillation mode of each wing is anti-phase with each other, the power generated will be increased compared with a single wing since the absolute value of the pressure on upper/lower surface of each wing is increased to the favorable side. Abiru 11) examined the effects of the oscillation mode and the distance between the two wings using the same hydroelectric power generation system reported in Ref. 8 ). An approximate 15% increase of power for the anti-phase mode at the wing distance of two chord lengths and 20% decrease of power for the in-phase mode at the wing distance of one chord length were obtained. Although Abiru provided the experimental data for the two-wing configuration, no theoretical base for them has been presented so far.
The purpose of the present paper is to provide a theoretical base for the multi-wing configuration of the Isogai's elastically supported flapping wing power generator. For this purpose, we have developed two design tools that can handle general multi-wing configurations. One is the analytical method using the linear potential aerodynamic theory and the other one is a Navier-Stokes code to evaluate viscous and nonlinear effects.
Development of Theoretical Method

Equation of motion for a single wing
In this subsection, the concept of the flapping wing power generator originally proposed by Isogai et al. 4) is explained briefly. Figure 2 shows the concept. A rigid rectangular wing is supported elastically in heaving oscillation while the pitching oscillation of the wing is mechanically driven by an electric motor with a prescribed frequency and amplitude. The lift induced by the pitching oscillation does work to the heaving oscillation while the phase angle between the two motions is automatically adjusted to the optimum value by aeroelastic response. In order to obtain the optimum aeroelastic response of the wing, and attain the maximum power generation efficiency, they applied the optimization technique to determine the system parameters. The governing equation of motion of the system can be given by the following equation
If we assume that the wing is designed so that the center of mass of the wing coincides with the axis of pitch, namely, X cg ¼ A p , the second term of the right hand side of Eq. (1) can be removed. They used Theodorsen's 2D analytical unsteady aerodynamic forces 12, 13) to obtain the analytical solution of Eq. (1) by assuming that the aspect-ratio of the rectangular wing is sufficiently large. From the dimensionless form of Eq. (1), it can be identified that the aeroelastic responses of the wing are governed by the six non-dimensional parameters, k, g, ! h =!, ", o and a p . It should be noted that the structural damping coefficient g is added to maintain the amplitude of the heaving oscillation of the wing constant. Once these parameters are given, it is easy to obtain, with the assumption of the simple harmonic motion of the wing, the analytical solution of Eq. (1), namely, the amplitude and phase angle (with respect to the forced pitching oscillation) of the heaving oscillation. Then it is easy to estimate the time-averaged work done by the aerodynamic forces, namely, the wind energy extracted from the system by the following equation.
The unique point of their concept is to apply the optimization technique to determine the five dimension-less system parameters (k, g, ! h =!, " and a p ) to attain the maximum power generation efficiency ( o is given by the designer). The power generation efficiency p is defined by
where H s is the amplitude of the leading or trailing edges, whichever is larger. They employed the ''complex method'' as the optimization algorithm. As an example, they applied their concept to a rectangular wing of an aspect ratio of 10 (chord: 1 m and span: 10 m) with o ¼ 50 deg in nominal wind speed of 15 m/s, obtaining p ¼ 49% and P t ¼ 6:99 kW. They also showed by numerical simulation using a 2D Navier-Stokes code that both efficiency and power exceeded those predicted by the potential theory due to the effect of a strong dynamic stall vortex.
4)
2.2. Analytical method using the linear potential aerodynamic theory As described in section 1, Abiru 11) conducted an experimental study of a cascade flapping wing hydroelectric power generator. It is an extension of a previous study on a single wing 8) to a two-wing configuration. He examined the effects of the wing distance and the oscillation mode between the two wings on the power and efficiency experimentally. However, no theoretical base of the multi-wing configurations has been presented so far. In this section, we will present a method for computing the aeroelastic responses of each wing of a general multi-wing configuration using the potential aerodynamic theory. In Fig. 3 , the arrangement of the wings is shown. For this system we make the following assumptions: 1) the number of wings is N; 2) each wing is located with equal distance of h w ; 3) each wing is supported elastically only in heaving mode; 4) each wing is oscillated mechanically in pitch mode by an electric motor; 5) we treat only the in-phase or anti-phase motion of each wing (the anti-phase motion means that the phase difference of the forced pitching oscillations between the adjacent wings is 180 deg); 6) each wing has the same mass, elastic properties and structural damping coefficient.
Under these assumptions, the equation of motion of each wing can be given by
where H I is the heaving displacement and L I is the lift acting on the I-th wing. Here, we assume that the heaving and pitching oscillations are simple harmonic. Therefore, we can assume the simple harmonic variation of lift since we employ the linear potential aerodynamic theory. These assumptions enable us to use complex quantities for the wing displacements and the unsteady aerodynamic forces. Then, the lift L I in Eq. (4) can be evaluated by solving the following integral equations:
where w I is the dimension-less up-wash given by
where w I , h I and I can be expressed by complex quantities as 
where 0 I is the phase angle between the wings and takes the following values depending on whether the pitching oscillation of the wing is in the in-phase mode or anti-phase mode.
For the in-phase mode 
For the anti-phase mode
Substituting Eq. (7) into Eq. (6), we obtain
In Eq. (5), ÁP J ð$Þ is the complex amplitude of the pressure difference on J-th wing, namely ÁP J ð$; tÞ ¼ ÁP J ð$Þe ikt ; K IJ ðx; $Þ is the kernel function, which expresses the effect of pressure difference on the J-th wing to the up-wash on the I-th wing; K II ðx; $Þ ðI ¼ 1; Á Á Á ; NÞ are the Possio's Kernel function (see Ref. 12) for appropriate form for numerical evaluation); K IJ ðx; $Þ ðI 6 ¼ J; I ¼ 1; Á Á Á ; N; J ¼ 1; Á Á Á ; NÞ has the characteristics of K IJ ¼ K JI ðI 6 ¼ JÞ. The analytical form of K IJ that is appropriate for the numerical evaluation is given in the Appendix. Since the unknown pressure differences in Eq. (5) are the functions of the unknown heaving displacements and the known pitching displacements of the wings, it can be expressed by the following series expansions,
where A JK ð$Þ and B J ð$Þ are the unknown complex functions to be determined. By substituting Eqs. (10) and (11) into Eq. (5), we obtain
Since Eq. (12) should be satisfied for arbitrary values of h I and o , it can be further reduced to
Since Eqs. (13) and (14) (13) and (14), respectively. For example, we obtain the following six integral equations for the two-wing configuration:
For the solution of the integral equations obtained from Eqs. (13) and (14), we apply the technique of the doublet lattice method, 14) which reduces the system of integral equations into a system of algebraic equations.
Once the unknown functions A JK ð$Þ and
can be expressed as
where A IJ and B I are defined by
Substituting Eq. (16) into Eq. (4) and after some manipulations, we obtain
where " is the mass ratio defined by
Equation (19) is the simultaneous algebraic equation with complex coefficients for the unknown complex amplitudes h I ðI ¼ 1; Á Á Á ; NÞ of heaving oscillation, which can be solved easily.
Once h I ðI ¼ 1; Á Á Á ; NÞ are found, the complex amplitude of lift L I is given by Eq. (16) and the complex amplitude of the pitching moment M I is given by
Then the time-averaged power extracted from each wing can be computed by
2.3. Numerical method using 2D Navier-Stokes code Although the analytical method using the linear potential aerodynamic theory is developed in the previous section, the development of a method that can evaluate the viscous effects, especially the effect of the dynamic stall vortex, is necessary. According to the experience obtained for the single-wing configuration, 4) the effect of the dynamic stall vortex plays an important role in enhancing the power generated beyond that predicted by the linear potential theory. In addition to this, the nonlinear aerodynamic effects due to the narrowing of the distance between the adjacent wings for the anti-phase mode of oscillations are expected. In this section, the outline of the numerical method based on 2D NavierStokes equations, which compute the aeroelastic responses of each wing of the multi-wing configurations, is described.
The present code is based on the Reynolds averaged compressible Navier-Stokes equations in strong conservation law forms. 15) Subject to the general transformation $ ¼ $ðx; y; tÞ; ¼ ðx; y; tÞ; ( ¼ t ð23Þ
and under the thin layer approximation, the basic equations can be written as 15 )
where q ¼ J À1 ð&; &u; &v; eÞ T is the vector of dependent variables. The form of the flux vectors E and F, and S in the viscous term in Eq. (24) can be found in Ref. 15 ). In the present code, all the physical quantities are made dimension-less by semichord b, free-stream velocity U and free-stream density & 1 . We use the multi-block method for solving this multi-wing problem. Figure 4 shows the physical space ðx; yÞ and the computational space ð$; Þ for the two-wing configuration. (Similar treatment is possible for more than three-wing configuration.) As shown in Fig. 4 , the physical space is composed of four blocks, while the same computational space is used for each block. Each block corresponds to the upper/lower space of each wing. The upper/lower surface of each wing is located À1 $ 1, ¼ 0 in the computational space, and along the surface, the following no-slip condition 15) is applied:
We use the Cartesian grids of equal space in the computational space and they are mapped onto the physical space of each block using algebraic transformation functions. The geometric conservation law (GCL) form 16) of Eq. (24) in the computational space is solved using the linearized conservation implicit (LCI) form of the Yee-Harten total variation diminishing (TVD) scheme. 17) A total of 121 grid points with 61 grid points on the upper/lower surface are used in the x direction for every block (Block I-IV), and 51 grid points and 25 grid points are used in the y direction for Blocks I and IV, and Blocks II and III, respectively. Outer boundaries of the physical space are located 20 chords and 10 chords away from the airfoil in the y direction and the x direction, respectively. Figure 5 shows the grid distribution for the two-wing configuration. As a turbulence model, Baldwin & Lomax's algebraic turbulence model 18) is used.
The aeroelastic response of each wing is computed by solving the equations of motion given by
Equation (26) is obtained by replacing the structural damping term of Eq. (4) with the equivalent viscous damping term. Equation (26), coupled with the Navier-Stokes code, is solved using the finite difference method. 19) Once the aeroelastic responses and aerodynamic forces are obtained, the power generated can be computed using Eq. (22). Accuracy and reliability of the code are discussed in section 3.
Results and Discussion
In this section, the theoretical results obtained for Abiru's hydroelectric power generator, 8, 11) for which the experimental data are available, are presented, and the accuracy and reliability of the theoretical methods presented in section 2 are evaluated.
Single wing
The experimental apparatus of Abiru's hydroelectric power generator 8 4 , and frequency of ! ¼ 6:0 rad/s. The amplitude of the forced pitching oscillation is 50 deg. The reduced frequency k is 0.30. (We call these parameters ''Abiru's experimental case'' and they are used for the theoretical computations reported in section 3.) This apparatus and experimental conditions were used both for the single-wing 8) and the two-wing configurations.
11)
The time-averaged power and efficiency obtained for a single-wing configuration using the present analytical and numerical methods are compared in Table 1 together with those obtained by Abiru and Yoshitake. 8) As seen in Table 1 , agreement between the results of the analytical and numerical methods is good, although the amplitude of the forced pitching oscillation is 50 deg, for which the flow separation is expected. This is because the strong dynamic stall vortex enhances the lift and power as pointed out in Ref. 4) . Since the discrepancy between the theoretical and experimental results are relatively large (about 38% difference of power), we have evaluated the 3D effect on Abiru's rectangular wing (aspect ratio 3.0) using the 3D DLM code. 20) Using the experimental data of k ¼ 0:30, h o ¼ 0:972 and 0 L (phase delay angle of the heaving oscillation behind the forced pitching oscillation) ¼ 90.0 deg, we obtain P t ¼ 3:33 W and p ¼ 29%, which are very close to those of the experimental data shown in Table 1 . Therefore it is concluded that the discrepancy between the theory and experiment shown in Table 1 can be attributed to the difference of aspect ratio between them. In other words, the power obtained by the experimental apparatus could be improved considerably by increasing the aspect ratio of the wing. It is also expected that the same order of discrepancy between the 2D theory and experiment could exist for the two-wing configuration discussed in the next subsection.
Two-wing configuration
As described in section 1, Abiru conducted an experimental study 11) on the cascade effects of the two-wing configuration using two of the apparatus used to study the singlewing configuration. 8) He examined the effects of wing distance and the in-phase/anti-phase modes of the forced pitching oscillation. In this subsection, the results computed using the analytical and numerical methods developed in section 2 are presented together with Abiru's experimental data.
11)
Figures 6 and 7 show the variations of power and efficiency, with respect to the wing distance for in-phase and anti-phase oscillation modes, respectively. In the figures, DLM indicates the analytical solutions obtained using the method presented in subsection 2.2, and NS indicates the numerical solutions obtained using the Navier-Stokes code presented in subsection 2.3. (It should be noted that for the anti-phase mode, the two wings touch each other for H o =b larger than 1.5 at H w =c ¼ 1:5, which should be prohibited, and the numerical simulation using the NS code became unstable for the wing distances less than H w =c ¼ 1:5.) As seen in Figs. 6 and 7, the power and efficiency of the anti-phase mode show higher values than those of the in-phase mode for both the theoretical and experimental results. The maximum power of 6.61 W and efficiency of 47% are predicted using the NS code for the anti-phase mode at H w =c ¼ 2:5.
The differences of power and efficiency between the two modes decrease with increasing wing distance. The experimental data of power and efficiency converge to those of the single wing (shown in Table 1 ) for wing distances larger than H w =c + 3:0, while theoretical values converge to those of the single wing (shown in Table 1 ) for the wing distances larger than H w =c + 5:0.
Although the behaviors of power and efficiency with respect to the variation of the wing distance between the theory and experiment seem to agree in a qualitative sense, there is quantitative discrepancy between them. This, however, could be attributed to the 3D effect on the experimental data as discussed in subsection 3.1. It is also conjectured that the reason for the smaller difference of experimental power observed between the anti-phase and in-phase modes compared with those of the theoretical predictions could be attributed to the 3D effect (the difference of aspect-ratio between them).
By comparing the results between DLM and NS, we can estimate the effects of dynamic stall and nonlinear displacement effects on the power generation both for anti-phase and in-phase oscillation modes. Fairly good agreement of power and efficiency between DLM and NS is observed for the inphase mode of oscillation, while about 11% increase of power for the anti-phase mode at H w =c ¼ 2:5 is observed for NS compared with that for DLM. To clarify this point, the flow pattern (distribution of dimensionless vorticity ) computed using NS code for in-phase and anti-phase oscillation modes at H w =c ¼ 2:5 are shown in Figs. 8 and 9 , respectively. As seen in these figures, the wing distance between the two wings becomes narrow at kt ¼ 2% for the anti-phase mode while it is kept constant during all phases of oscillation for the in-phase mode. Thus the nonlinear effect becomes larger for the anti-phase mode than that for the inphase mode. Note that such a nonlinear effect is not considered in DLM analyses. From the figures, we also notice the existence of the dynamic stall vortex that could prevent the reduction of the lift compared with that predicted by DLM.
Three-wing configuration
For the three-wing configuration, it is expected that the middle wing could experience stronger effects from the adjacent wings than those of the two-wing configuration. In Figs. 10 and 11 , the variations of power and efficiency with respect to the wing distance for the in-phase and anti-phase oscillation modes are shown, respectively. In the figures, the theoretical results obtained for the middle wing and the outer wings are shown. For the three-wing configuration, the experimental data is not available.
As expected, the middle wing experiences larger or smaller power and efficiency compared with those of the outer wings depending on whether the forced pitching oscillation is anti-phase or in-phase mode, respectively. For example, the increment of power of the middle wing from that of the outer wings for the anti-phase mode at H w =c ¼ 2:5, that is predicted using NS, is approximately 14%, and it is approximately 37% compared with that of the single wing. that is predicted using NS is approximately 10%, and it is approximately 23% compared with that of the single wing. According to the prediction using DLM, the effects of wing distance become very small for both anti-phase and in-phase mode of oscillation at H w =c ¼ 5:0, while according to the NS prediction, a certain amount of effect still exists for the anti-phase mode of oscillation, especially for the middle wing. This seems to be the nonlinear displacement effects that are not taken into account in the DLM analysis. Figure 12 shows the flow patterns around the wings in the anti-phase mode at H w =c ¼ 2:5 during one cycle of oscillation. As seen in the figures, the distance to the outer wings from the middle wing becomes very small at kt ¼ % and kt ¼ 2%. This might give considerable aerodynamic effects to the middle wing. The dynamic stall vortex observed in the figures seems to play an important role to prevent the reduction of the lift due to the flow separation that occurs at high angles of attack. 3.4. Power increment expected from multi-wing configuration It might be of some interest to estimate the power increment obtained by the multi-wing configuration using the theoretical results obtained for three-wing configuration presented in subsection 3.3. Since the amount of power obtained for the middle wing and that for the outer wings could be used with a good approximation to estimate the power of the configuration composed of more than four wings, here, we estimate the power expected from the configuration composed of ten wings, whose chord length is 0.10 m and span is 1 m. It is also assumed that the elastic properties and the flow condition are the same as those of Abiru's experiment. The power estimated using the results obtained using NS (see Fig. 10 for H w =c ¼ 2:5) are 239.8 W for the anti-phase mode and 141.3 W for the in-phase mode, while the power estimated simply by summing up the power of ten single wings is 179.7 W. Therefore, the increment of power obtained by the ten-wing configuration is 33% for the anti-phase mode and the decrement of power obtained is 21% for the in-phase mode, compared to the single-wing configuration.
Conclusion
An analytical method based on the linear potential aerodynamic theory and a numerical method based on the Navier-Stokes equations that can be used to estimate the power and the efficiency of the multi-wing configurations of the elastically supported flapping wing power generation system were developed. As examples, the theoretical results obtained for the two-wing and three-wing configurations of a hydroelectric power generator were presented, together with the experimental data obtained for the two-wing configuration. Through these experimental and theoretical results, the effects of the wing distance and the oscillation mode of the multi-wing configurations were clarified. The power increment expected by introducing the ten-wing configuration is approximately 25-33% for the anti-phase mode of oscillation with the adjacent wing distance of 2.0-2.5 chord lengths, compared to the simple sum of power generated by a single wing. 
